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Average Transition Conditions for Electromagnetic
Fields at a Metascreen of Nonzero Thickness
Edward F. Kuester, Life Fellow, IEEE and Enbo Liu
Abstract—Using a dipole interaction model, we derive gener-
alized sheet transition conditions (GSTCs) for electromagnetic
fields at the surface of a metascreen consisting of an array of
arbitrarily shaped apertures in a perfectly conducting screen
of nonzero thickness. The simple analytical formulas obtained
are validated through comparison with full-wave numerical
simulations.
Keywords: boundary conditions, generalized sheet transition
conditions (GSTC), metamaterials, metasurfaces, metascreens
I. INTRODUCTION
In [1], generalized sheet transition conditions (GSTCs)
describing the interaction of electromagnetic waves with peri-
odically perforated perfectly conducting (PEC) screens (which
we call metascreens) of zero thickness were derived using
a dipole-interaction (Clausius-Mossotti-Lorentz-Lorenz) ap-
proximation. In many situations, the non-zero thickness of an
actual conducting screen can cause significant deviation from
what is predicted by this theory. Some previous work has been
carried out on the modeling of thick perforated screens [3]-
[12], but these present reflection and transmission coefficients
or impedances rather than equivalent boundary conditions, and
often only numerical results rather than analytical formulas.
In [13]-[14], scattering from a finite number of apertures in a
thick conducting screen is analyzed, but a numerical solution
(matrix inversion) is required, with the matrix size increasing
with the number of apertures. In this paper, we derive an
analytical set of GSTCs for a metascreen of nonzero thickness,
and demonstrate its validity when the thickness, aperture
size and lattice constant are sufficiently small compared to a
wavelength. A brief preliminary version of the present paper
was presented in [15].
II. DERIVATION OF THE GSTCS
We will use the modified small-aperture coupling theory
described in Appendix A for screens of non-zero thickness to
carry out a derivation analogous to that of [1] for a screen
of zero thickness. Our treatment will be limited to the case
when the media on both sides of the screen are free space.
Consider the metascreen shown in Fig. 1. The apertures in
the screen are arranged in a square array of lattice constant d.
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Fig. 1. Top and side views of a metascreen consisting of a square array of
identical apertures in a thick conducting screen.
The screen is a perfect electric conductor (PEC) of thickness
h, and each aperture of the array in isolation is described by its
polarizabilities as described in Appendix A. In the presence of
a field, the effect of the apertures is to produce an additional
field approximately equal to that produced by arrays of normal
electric and tangential magnetic dipoles p± = uzpz± and
mt± located on the top and bottom faces z = ±h/2 of a
PEC screen with no holes (here ud denotes a unit vector in
the direction d = x, y or z in a cartesian coordinate system).
These dipole arrays are in turn approximated by continuous
distributions of surface polarization and magnetization densi-
ties:
P±Sz = Npz±; M±St = Nmt± (1)
where N = 1/d2 is the density of apertures per unit area. The
resulting situation is shown in Fig. 2. From Appendix A, the
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Fig. 2. Side view of a thick metascreen showing equivalent surface polariza-
tion and magnetization densities.
dipole moments can be expressed as
p+ = −ǫ0αsE [Esc]+h/2z=−h/2 − 2ǫ0αaEE˜scav (2)
p− = +ǫ0α
s
E [E
sc]
+h/2
z=−h/2 − 2ǫ0αaEE˜scav (3)
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and
m+ = +α
↔s
M · [Hsc]+h/2z=−h/2 + 2α↔
a
M · H˜scav (4)
m− = −α↔sM · [Hsc]+h/2z=−h/2 + 2α↔
a
M · H˜scav (5)
where the average of a field between the top and bottom sides
of the screen is defined by
E˜av =
1
2
(
E|z=h/2 + E|z=−h/2
)
(6)
H˜av =
1
2
(
H|z=h/2 + H|z=−h/2
)
(7)
and αs,aE and α
↔s,a
M represent the symmetric and antisymmetric
electric and magnetic aperture polarizabilities respectively, as
defined in Appendix A.
We now proceed using the same technique as in [1],
referring the reader to that paper for the necessary details. We
obtain expressions for the effective tangential electric field just
above and just below the screen as:
E|z=h+/2 × uz = jωµ0M+St −∇t
(P+Sz
ǫ0
)
× uz (8)
E|z=−h+/2 × uz = −jωµ0M−St +∇t
(P−Sz
ǫ0
)
× uz
From (1)-(5) and the sum of the equations in (8), we get
E˜av × uz = jωµ0Nα↔sM · [Hsc]+h/2z=−h/2
+N∇t
(
αsE [E
sc
z ]
+h/2
z=−h/2
)
× uz (9)
while from the difference of (8),
[E]
h/2
z=−h/2 × uz = 4jωµ0Nα↔
a
M · H˜scav
+ 4N∇t
(
αaEE˜
sc
z,av
)
× uz (10)
The short-circuit fields Escz and H
sc are those that act on
one of the apertures when that aperture is filled with metal.
As in [1], we have
[Hsc]
+h/2
z=−h/2 = [H]
+h/2
z=−h/2 − 2G(R)
[
M
+
St −M−St
]
(11)
= [H]
+h/2
z=−h/2 − 4G(R)Nα↔
s
M · [Hsc]+h/2z=−h/2
or
[Hscx ]
+h/2
z=−h/2 =
[Hx]
+h/2
z=−h/2
1 + 4Nαs,xxM G(R)[
Hscy
]+h/2
z=−h/2
=
[Hy]
+h/2
z=−h/2
1 + 4Nαs,yyM G(R)
(12)
where H is the effective field at the screen,
G(R) = − 1
4R
[
e−jk0R(1− jk0R) + 2jk0R
]
= − 1
4R
[
1 +O(k20R
2)
]
(k0R≪ 1), (13)
k0 = ω0
√
µ0ǫ0 is the wavenumber of free space, and
R =
2πd∑′
m,n(m
2 + n2)3/2
≃ 0.6956d (14)
is the exclusion radius for a square array of lattice constant
d (the prime on the double sum indicating that the term with
m = n = 0 is to be omitted). Likewise,
[Escz ]
+h/2
z=−h/2 =
[Ez ]
+h/2
z=−h/2
1− 4NαsEF (R)
(15)
where
F (R) =
1
2R
e−jk0R(1 + jk0R)
=
1
2R
[
1 +O(k20R
2)
]
(k0R≪ 1) (16)
In a similar way, the average short-circuit fields are given by
H˜scx,av =
H˜x,av
1 + 2Nαa,xxM G(R)
H˜scy,av =
H˜y,av
1 + 2Nαa,yyM G(R)
(17)
and
E˜scz,av =
E˜z,av
1− 2NαaEF (R)
(18)
Substituting these results into (9) and approximating
F (R) ≃ 1
2R
; G(R) ≃ − 1
4R
(19)
which is valid so long as k0R ≪ 1, we get a first boundary
condition for the metascreen:
E˜av × uz = jωµ0p˜i↔
t
MS · [Ht]h/2z=−h/2
−∇t
{
π˜zzES [Ez]
h/2
z=−h/2
}
× uz (20)
where
π˜zzES = −
NαsE
1− 2NR αsE
(21)
p˜i
↔t
MS = uxux
Nαs,xxM
1− NRαs,xxM
+ uyuy
Nαs,yyM
1− NRαs,yyM
are electric and magnetic surface porosities of the metascreen
(relative to the planes z = ±h/2), respectively. The choice of
sign for π˜zzES is the same as that used in [1] for a metascreen of
vanishing thickness. A second boundary condition is obtained
in a similar way from (10):
[E]
h/2
z=−h/2 × uz = jωµ0χ˜
↔
t
MS · H˜av + uz ×∇t
(
χ˜zzESE˜z,av
)
(22)
where
χ˜zzES = −
4NαaE
1− NRαaE
(23)
χ˜
↔
t
MS = uxux
4Nαa,xxM
1− N2Rαa,xxM
+ uyuy
4Nαa,yyM
1− N2Rαa,yyM
are electric and magnetic surface susceptibilities of the
metascreen, again relative to the top and bottom surfaces of the
metal screen. This condition is of the same form as equation
(81) of [16], which applies to a metafilm.
The reason we have used tildes in the notation for the fields
(17)-(18) and the surface porosities and susceptibilities in (21)
and (23) is that here, these quantities describe relationships
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between the fields at z = ±h/2. However, according to
the general definition of sheet transition conditions given by
Senior and Volakis [17], they should apply to an equivalent
sheet of zero thickness, like those in [1] and [16], where
the effective fields in the GSTCs are evaluated at z = 0±
(extrapolated to these positions if necessary). If h is small
compared to a wavelength, let us seek a set of GSTCs that
conform to this requirement. To do this, we use Taylor series
expansions:
Et|z=±h/2 ≃ Et|z=0± ±
h
2
∂Et
∂z
∣∣∣∣
z=0±
(24)
From the transverse components of Faraday’s law, we have
− uz ×∇tEz + uz × ∂Et
∂z
= −jωµ0Ht (25)
Using (24), and (25) at z = 0±, in (20) and (22), and
neglecting second order terms proportional to hπ(e,m)s or
hχ(e,m)s that appear on the right sides, we obtain true GSTCs
that apply at an equivalent surface of zero thickness:
Eav×uz = jωµ0pi↔tMS · [Ht]0
+
z=0−−∇t
{
πzzES [Ez ]
0+
z=0−
}
×uz
(26)
and
[E]
0+
z=0−×uz = jωµ0χ
↔t
MS ·Hav−∇t (χzzESEz,av)×uz (27)
where
Eav =
1
2
(E|z=0+ + E|z=0−) (28)
H˜av =
1
2
(H|z=0+ + H|z=0−) (29)
are the average fields across the zero-thickness equivalent
surface at z = 0, and
πzzES = π˜
zz
ES +
h
4
pi
↔t
MS = p˜i
↔t
MS −
h
4
(uxux + uyuy)
χzzES = χ˜
zz
ES + h
χ
↔t
MS = χ˜
↔
t
MS − h (uxux + uyuy) (30)
Equation (27) replaces the condition that tangential E be
continuous at z = 0, which holds for a metascreen of zero
thickness [1]. Equation (26) has the same form as the GSTC
obtained in [1] in that case, but with different values of the
surface porosities. These forms have also been obtained using
the method of multiple-scale homogenization [27], wherein the
surface porosities and susceptibilities are found from solutions
of certain electrostatic and magnetostatic field problems. This
technique gives results not limited by the assumption of a
dipole-interaction model, but in general requires numerical
solutions of the relevant static field problems, whereas the
method of the present paper gives closed-form analytical
expressions for the surface parameters. The GSTCs derived
here also resemble equations (147) and (149) of [18], which
were obtained for a wire grating.
We may convert one of our GSTCs into a somewhat
different form by expressing the surface current density as
JS = uz × [Ht]0
+
z=0− (31)
and using the result
Ez = − 1
jωǫ0
∇t · (uz ×Ht) (32)
that follows from Ampe`re’s law. Then (26) can be expressed
as
Et,av = jX
↔
ms · JS + 1
jωǫ0
∇t (πzzES∇t · JS) (33)
where
X
↔
ms = ωµ0 (uxuxπ
yy
MS (34)
− uxuyπyxMS − uyuxπxyMS + uyuyπxxMS)
is the dyadic surface reactance of the metascreen. Equation
(33) has the form of the boundary condition obtained by
Kontorovich and his colleagues [19]-[24] for a thin-wire mesh.
There is no analog of (27) in the Kontorovich model; it
assumes that tangential E is continuous, as is the case for
a metascreen of zero thickness [1].
III. EQUIVALENT CIRCUIT
An equivalent circuit for a thick metascreen can be ob-
tained under certain conditions. Suppose that the field has no
variation in the y-direction (∂/∂y ≡ 0) and that all fields
vary with x as e−jkxx. Suppose moreover that the magnetic
porosity and susceptibiity dyadics are diagonal: pi
↔t
MS =
uxuxπ
xx
MS +uyuyπ
yy
MS and χ
↔t
MS = uxuxχ
xx
MS +uyuyχ
yy
MS .
Then it is readily shown that the field can be written as the
superposition of a TE part (consisting of the field components
Ey , Hx and Hz only) and a TM part (consisting of the field
components Hy , Ex and Ez only), no conversion occurring
between these two polarizations.
For the TE field, let Ey → V and Hx → −I . Inserting
these into (26) and (27), we find that the metascreen can be
represented by the equivalent circuit of Figure 3 placed at
z = 0, wherein
XsTE = ωµ0π
xx
MS ; X
a
TE = ωµ0χ
xx
MS (35)
are respectively the symmetric and antisymmetric TE reac-
tances of the metascreen. Likewise, for the TM field let
jXa/2 jXa/2
jX
s
 − jXa/4
Fig. 3. Equivalent circuit of a thick metascreen located at z = 0.
Ex → V and Hy → I . By Ampe`re’s law and the assumptions
above about the x- and y-dependences of the field, we have
Ez = −(kx/ωǫ0)Hy . Once more the GSTCs (26) and (27)
are represented by the network of Figure 3, with now
XsTM = ωµ0
(
πyyMS +
k2x
k20
πzzES
)
XaTM = ωµ0
(
χyyMS −
k2x
k20
χzzES
)
(36)
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IV. PLANE WAVE REFLECTION AND TRANSMISSION
In this section, we will apply the GSTCs obtained above
to the determination of the reflection and transmission coef-
ficients of a plane wave incident on a thick metascreen. The
procedure is very similar to that used in [1], and we will omit
much of the detail.
θ
z
x
metascreen @ z=0
0, 0
ε0, 0
θ
θ
ε
Fig. 4. Plane wave incident at a metascreen.
If a TE (perpendicular) polarized plane wave is incident at
an angle θ to the z-axis as shown in Figure 4, the electric field
E = uyEy is given by
Ey = e
−jk0x sin θ
[
e−jk0z cos θ + ΓTEe
jk0z cos θ
]
(z < 0)
= e−jk0x sin θTTEe
−jk0z cos θ (z > 0)
(37)
where ΓTE is the reflection coefficient and TTE is the transmis-
sion coefficient. The magnetic field is obtained from Faraday’s
law, so enforcing the GSTCs (26) and (27) at z = 0 in the
usual way leads to:
ΓTE = −1 + j
2XsTE
cos θ
ζ0
1 + 2jXsTE
cos θ
ζ0
+ j
XaTE
cos θ
2ζ0
1 + jXaTE
cos θ
2ζ0
(38)
and
TTE = j
2XsTE
cos θ
ζ0
1 + 2jXsTE
cos θ
ζ0
− j
XaTE
cos θ
2ζ0
1 + jXaTE
cos θ
2ζ0
(39)
where ζ0 =
√
µ0/ǫ0 is the wave impedance of free space.
These formulas could also have been obtained by using the
equivalent circuit (35) placed at z = 0 between two sections
of transmission line with characteristic impedance ζ0/ cos θ,
using kx = k0 sin θ. We observe that for an unperforated PEC
screen located at z = −h/2, we have π˜xxMS and χ˜xxMS → 0, so
we obtain TTE = 0 and
ΓTE = −e2j tan
−1(k0h cos θ/2) ≃ −ejk0h cos θ, (40)
as expected on physical grounds.
Reflection and transmission coefficients for the TM polar-
ization are obtained in a similar way:
ΓTM = −1 + j
2XsTM
ζ0 cos θ
1 + 2j
XsTM
ζ0 cos θ
+ j
XaTM
2ζ0 cos θ
1 + j
XaTM
2ζ0 cos θ
(41)
and
TTM = j
2XsTM
ζ0 cos θ
1 + 2j
XsTM
ζ0 cos θ
− j
XaTM
2ζ0 cos θ
1 + j
XaTM
2ζ0 cos θ
(42)
which are also obtainable by using the equivalent circuit (36)
placed at z = 0 between two sections of transmission line
with characteristic impedance ζ0 cos θ.
An interesting special case is obtained for TE polarization
if XsTE = −XaTE/4, that is, πxxMS = −χxxMS/4. Under this
condition, the phases of ΓTE and TTE are independent of
frequency (at least under the low-frequency approximation for
which our GSTCs are valid)—in fact,
ΓTE = −
1−
(
XaTE cos θ
2ζ0
)2
1 +
(
XaTE cos θ
2ζ0
)2
TTE = −2j
XaTE cos θ
2ζ0
1 +
(
XaTE cos θ
2ζ0
)2 (43)
This frequency-independent behavior of the phases occurs no
matter the angle of incidence. The same behavior will occur
in the TM polarization if XsTM = −XaTM/4, but the presence
of kx = k0 sin θ in (36) means that it can happen only for
a single angle of incidence given fixed aperture size and
screen thickness. A similar phenomenon has been previously
observed for a grating of parallel wires [25], [26], and is
explained by the compensation of the phase shift due to the
thickness of the metascreen with that of the distortion of the
local fields in the neighborhood of the apertures.
To illustrate the accuracy of the GSTC representation, we
compare the transmission coefficient of a normally incident
plane wave from a metascreen as computed from (39) or (42)
with results of a full-wave finite-element simulation (HFSS
from ANSYS). We have chosen the apertures to be circles of
radius r0 and a lattice constant d = 20 mm, which is equal to a
half wavelength at fλ/2 = 7.5 GHz. In Figures 5 and 6, we see
that the magnitude and phase of the transmission coefficient
show good agreement between the GSTC prediction and
numerical results for a hole radius r0 = 4 mm and a variety
of screen thicknesses, up to well above fλ/2. The thickness
h = 0.3918 mm was chosen to give frequency-independent
phase, and we see that this is indeed well realized by the full-
wave simulation up to nearly 10 GHz. For holes of larger
radius r0 = 6 mm, we can see from Figures 7 and 8 that
good agreement between GSTC and full-wave results does
not extend to such high frequencies, but is still quite good up
to fλ/2, especially for the phase. The poorer agreement is not
too surprising, given that the derivation of our expressions for
surface porosities and susceptibilities is based on the dipole
interaction approximation, which in principle requires that
2r0 be small compared to d. In such cases, the method of
[27] should be used. In all the situations we have examined,
good agreement for the phase extends to significantly higher
frequencies than for the magnitude.
V. CONCLUSION
In this paper, we have obtained generalized sheet transition
conditions for describing the interaction of electromagnetic
waves with periodically perforated conducting screens. In most
other related work (e. g., [8]-[12]), full-wave formulations
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Fig. 5. Magnitude of the transmission coefficient of a normally incident plane
wave at a metascreen with a square array of circular holes of radius r0 = 4
mm with lattice constant d = 20 mm.
0 2 4 6 8 10 12 14
1
1fffi
2
2flffi
3
h  = 1 mm
h  = 0.3918 mm
h  = 2 mm
GSTC HFSS
h  = 4 mm
ar
g
( 
 )
, 
ra
d
T
f, GHz
Fig. 6. Phase of the transmission coefficient of a normally incident plane
wave at a metascreen with a square array of circular holes of radius r0 = 4
mm with lattice constant d = 20 mm.
0
0.05
0.1
0.15
0.2
0.25
h  = 4 mm
h  = 2 mm
GSTC HFSS
0 2 4 6 8 10 12 14
f, GHz
| T
Fig. 7. Magnitude of the transmission coefficient of a normally incident plane
wave at a metascreen with a square array of circular holes of radius r0 = 6
mm with lattice constant d = 20 mm.
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Fig. 8. Phase of the transmission coefficient of a normally incident plane
wave at a metascreen with a square array of circular holes of radius r0 = 6
mm with lattice constant d = 20 mm.
have been used to obtain only numerical results for plane-
wave reflection and transmission. Our results have been de-
rived using the dipole-interaction approximation (analogous to
what is used to obtain the Clausius-Mossotti-Lorentz-Lorenz
approximation for effective dielectric constant). Because of
that, our formulas are only certain to be valid if the dimensions
of the aperture are small compared to the lattice constant d.
Nevertheless, the comparisons with full-wave results indicate
that, at least for circular apertures, good accuracy can be
obtained even when the aperture size is greater than half the
lattice constant, and up to at least a frequency where that lattice
constant is 40% of a wavelength.
We should note that, for the case of normal incidence at
a square array of square apertures with side a, Chen [5] has
obtained results that have the same form as (38)-(39) or (41)-
(42) [his equations (6)-(7)]. Lee et al. [7] have given a cor-
rected version of Chen’s result for the transmission coefficient
[equation (14a)] that is identical in form to ours.1 Equating
[7, eqn. (14a)] to (39) or (42) for θ = 0 allows expressions
for πxxMS = π
yy
MS ≡ πtMS and χxxMS = χyyMS ≡ χtMS to be
inferred. These are quite cumbersome in their general forms,
but if a small argument expansion is carried out for k0d≪ 1
and only the terms of order k0d and (k0d)
2 are retained, the
surface parameters become in our notation
πtMS =
π0tMS
1 + 2
(
πd
2a
)3
π0tMS
d
tanh
πh
2a
− h
4
χtMS =
4π0tMS
1 + 2
(
πd
2a
)3
π0tMS
d
coth
πh
2a
− h (44)
where π0tMS is the magnetic surface porosity for the screen of
1 There is an error in the first line of Lee’s equation (14a): in the
denominator, the term −Z tan(Γτ/2) should be +Z tan(Γτ/2).
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zero thickness.2 Rather than use the formula for π0tMS that can
be inferred from [5] and [7], we choose instead to use that
of [1], which was shown to be more accurate over the entire
range of a/d:
π0tMS
d
=
ln sec pia2d
2π

C2 a
d
+ (1− C2) a
2
d2
+
sin
(
π a
2
d2
)
25


(45)
where
C2 =
32
9π ln(1 +
√
2)
= 1.2841 . . . (46)
The formula for T from [5] and [7] is only claimed to be valid
if a ≥ 0.7d; clearly (44) cannot be expected to reduce to our
results, which have been derived on the assumption that a is
small compared to d. A similar procedure starting from [5,
eqns. (11)-(12)] for a square array of circular holes of radius
r0 leads to
πtMS =
π0tMS
1 +
2.4 j′11
π
(
d
r0
)3
π0tMS
d
tanh
j′11h
2r0
− h
4
χtMS =
4π0tMS
1 +
2.4 j′11
π
(
d
r0
)3
π0tMS
d
coth
j′11h
2r0
− h (47)
where j′11 = 1.841 . . . is the first root of the Bessel function
derivative J ′1(x) and now the best known approximation for
the zero-thickness porosity is [1]:
π0tMS =
4r30
3d2
1
1− 4r303Rd2
; R ≃ 0.6956d (48)
All of the foregoing formulas were derived without the
restriction that the aperture size be small compared to the
lattice constant. This suggests that it should be possible to use
the GSTC model for a metascreen outside of the constraint
that the holes be small compared to the lattice constant,
provided that suitable formulas for the surface porosities and
surface susceptibilities can be found. Indeed, the multiple-
scales homogenization method used in [27] has shown that
GSTCs of the same form as those derived in the present
paper are applicable to metascreens of very general shape,
provided only that the lattice constant of the metascreen is
small enough compared to a wavelength. Even that restriction
can probably be relaxed, as shown in [28] where frequency-
dependent equivalent circuit parameters were obtained by
fitting to simulated scattering data and used to predict the
metascreen behavior well above the first resonant frequency.
APPENDIX A
APERTURE POLARIZABILITIES OF A THICK PEC SCREEN
Many authors have proposed modifications of the Bethe
small-aperture theory (which describes electromagnetic cou-
pling between two regions of space separated by a perfectly
2 A formula similar to (44) can be inferred from a result in [3], but its
parameter dependence is different, and seems to predict an increase in pit
MS
with screen thickness, rather than a decrease (which is what would be expected
on physical grounds).
conducting screen of zero thickness containing an electrically
small aperture) so as to be applicable to apertures in a screen
of nonzero thickness [29]-[40], [14]. In this appendix, we will
summarize this work, and present a form more adapted to the
needs of the present paper.
A.1 Circular aperture
To start with, we consider a circular aperture of radius r0
in a perfectly conducting sheet that lies between z = −h/2
and +h/2 as shown in Figure 9. For simplicity we assume
z
x
z = h/2
z = !h/2
"0, #0
$0, %0
h
PEC
2a
Fig. 9. Aperture in a thick PEC screen.
that the remainder of space is vacuum. Some given sources
located outside the aperture produce a field E, H in the
presence of this punctured screen. According to [38], the effect
of the aperture can be replaced by that of dipoles placed at
z = ±h/2, with the aperture filled by more PEC as shown in
Figure 10 for the electric dipoles. We can express the electric
z
x
z = h/2
z = &h/2
'0, (0
)0, *0
p
+
p
+
Fig. 10. Equivalent electric dipoles for an aperture in a thick PEC screen.
dipole moments as
p+ = −ǫ0 (αsE + αaE) Esc|z=h/2+ ǫ0 (αsE − αaE) Esc|z=−h/2
(49)
p− = −ǫ0 (αsE + αaE) Esc|z=−h/2+ ǫ0 (αsE − αaE) Esc|z=h/2
(50)
where Esc is the electric field that would be produced by
the given sources when the aperture filled with a PEC, αsE
is what we will call the symmetric electric polarizability of
the aperture, and αaE is its antisymmetric electric polarizability
(we use different notations from those in [38]). If the thickness
h → 0, then αaE → 0 and αaE → α0E = 2r30/3 (the value of
the electric polarizability when the screen thickness is zero),
and we recover the result of ordinary small aperture theory.
More precisely, we can obtain from [38] expressions for the
limiting values of the polarizabilities:
αsE ≃ α0E − hr
2
0
pi
(
ln r0h + 1.88
)
αaE ≃ pihr
2
0
4
}
(h/r0 ≪ 1) (51)
and
αsE ≃ α∞E + 0.412α0Ee−2.405
h
r0
αaE ≃ α∞E − 0.412α0Ee−2.405
h
r0
}
(h/r0 ≫ 1) (52)
where
α∞E ≃ 0.42923α0E = 0.28615r30 (53)
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is the limiting value of αs,aE as h/a→∞ (see also [36]3).
In a similar way, there are equivalent magnetic dipoles at
z = ±h/2, which are given by
m+ =
(
α
↔s
M +α
↔a
M
)·Hsc|z=h/2−(α↔sM −α↔aM)·Hsc|z=−h/2
(54)
m− =
(
α
↔s
M +α
↔a
M
)·Hsc|z=−h/2−(α↔sM −α↔aM)·Hsc|z=h/2
(55)
where the dyadic magnetic polarizabilities are diagonal:
α
↔(s,a)
M = α
(s,a),tt
M (uxux + uyuy), and from [38] we have
αs,ttM ≃ α0M − 2hr
2
0
pi
(
ln r0h + 1.88
)
αa,ttM ≃ pihr
2
0
4
}
(h/r0 ≪ 1)
(56)
and4
αs,ttM ≃ α∞M + 0.423α0Me−1.841
h
r0
αa,ttM ≃ α∞M − 0.423α0Me−1.841
h
r0
}
(h/r0 ≫ 1)
(57)
where α0M = 4r
3
0/3 is the magnetic polarizability when the
screen thickness is zero, and
α∞M ≃ 0.35494α0M = 0.47325r30 (58)
is the limiting value of αs,aM as h/r0 →∞ (see also [30] and
[36]).
There is a physical significance to the exponentially small
terms in these expressions—they represent the effect of a
cutoff mode in a section of circular waveguide extending
from one face of the aperture to the other. For the electric
polarizabilities, this is the TM01 mode, while for the magnetic
polarizabilities it is the TE11 mode, in each case the lowest-
order mode in the short section of circular waveguide forming
the hole whose polarization matches that of the driving field.
Akhiezer [31]-[32] has given expressions for the polarizabili-
ties that are more uniformly valid over all values of h/r0. By
adapting his results to roughly track with the limiting forms
(51)-(52) and (56)-(57), we can obtain the expressions
αsE ≃
2r30
3
1
1 + 1.33 tanh
(
2.405h
2r0
) (59)
αaE ≃
2r30
3
1
1 + 1.33 coth
(
2.405h
2r0
) (60)
αs,ttM ≃
4r30
3
1
1 + 1.817 tanh
(
1.841h
2r0
) (61)
αa,ttM ≃
4r30
3
1
1 + 1.817 coth
(
1.841h
2r0
) (62)
Similar but not identical formulas can be found in [37], but
an assessment of the relative accuracy of the various formulas
does not seem to have been carried out.
3The values given therein have been converted to agree with our definitions.
4There appears to be a misprint in equation (59) of [38]: the constant 0.716
should probably be 0.167, which gives much better agreement with the results
in Table I of that paper when h/r0 ≥ 0.3.
A.2 Apertures of other shapes
Based on the foregoing formulas for a circular aperture, we
might conjecture the following approximate ones for the po-
larizabilities of an aperture of more general cross section (but
with enough symmetry that α
↔(s,a)
M is diagonal and isotropic)
in a thick PEC screen:
αsE,M ≃
α0E,M
1 +
(
α0
E,M
α∞
E,M
− 1
)
tanh
(
kc(E,M)h
2
) (63)
αaE,M ≃
α0E,M
1 +
(
α0
E,M
α∞
E,M
− 1
)
coth
(
kc(E,M)h
2
) (64)
where α0E,M are the zero-thickness polarizabilities, α
∞
E,M are
the polarizabilities in the limit as h→∞, and kc(E,M) are the
cutoff wavenumbers of the lowest-order TM and TE modes
respectively of a metallic waveguide whose cross section is
that of the aperture shape. Clearly these formulas will be exact
in either of the limits h→ 0 or h→∞. Similar formulas for
apertures of square shape have been given in [35].
For a square aperture of side l in a PEC plane of zero
thickness, Fabrikant [41]-[42] has given the values
α0E =
l3
6
√
2
α0M =
2l3
9 ln(1 +
√
2)
(65)
which are accurate to within a few percent. Park and Eom
[39], [14] have given a numerical method for evaluating the
polarizabilities of a rectangular aperture in a thick PEC screen,
and give numerical results for the electric polarizabilities.
McDonald [33] has computed results for transmission between
two cavities due to an aperture of rectangular shape in the
common thick wall, while in [40] are given formulas for the
transmission coefficient resulting from a normally incident
plane wave at such a rectangular aperture in a thick PEC
plane. From these together with (63)-(64) we can extract
approximate information about the values of α∞E,M for a
rectangular aperture, which at present will have to serve in
the absence of more directly computed values of αs,aE,M . As
an example, for a square aperture we can estimate from the
numerical results in the references cited above the values
α∞M ≃ 0.3α0M ; α∞E ≃ 0.5α0E (66)
but the error here might be substantially larger than the
values for the circular aperture case, and more precise values
will have to await more careful computations. However, by
comparing (21), (23) and (30) in the limit of a≪ d with (44),
(64) and (65), we can deduce that
α∞M
α0M
=
1
1 +
π3
18 ln(1 +
√
2)
≃ 0.3385
which adds credence to at least the first estimate of (66). In a
similar way, using (47) for an array of circular holes instead
of (44), we obtain the estimate
α∞M
α0M
=
1
1 +
3.2 j′11
π
≃ 0.3478
which compares favorably to (58).
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